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Introduction

An equation of the Fokker—Planck type is widely used to describe the kinetics of nonequi-
librium processes in gases. When this equation is applied to systems with considerable gradi-
ents of distribution functions and of transition instants an additional estimate is required
of the conditions under which the linear integrodifferential equation is approximated by an
equation of the Fokker—Planck type. The replacement of the corresponding integral operator
by a differential one was analyzed in many articles (see, for example, [1-3]); the finite
expansion was then valid for the distribution function as well as an estimate of the order
of magnitude of the terms which follow the transition instants. For strongly nonequilibrium
processes and for the time instants t < T, (ty is the characteristic relaxation time) the de-
gree of deviation from the equilibrium should be included in the estimate of approximation
conditions.

In the present article the exchange is described of the integral operator by a differ-
ential one; the operators not being for the distribution function itself but for the ratio
to the equilibrium value (the relaxation of the initial discribution being in the form of a
$~function is not analyzed). In a number of cases such an expansion enables one at the non-
equilibrium or near-equilibrium stages to reduce the sought approximation conditions to the
conditions for the transition instants (this is especially suitable if the transition in-
stants are evaluated without using the explicit form for the transition instants), and con-
tains transition instants of only the even order since their evaluation is more straightfor-
ward than the evaluation for instants of any order; finally, there is a more obvious possi-
bility of estimating the order of magnitude of the neglected terms and of the aeccuracy needed
for the retained terms. The approach used in [4] was applied to obtain the relevant expan-
sion,

1. Transition to Differential Equation. Expression for Divergence Flow. General Flow
of the Approximation Conditions

The starting kinetic aquatioﬁ, similarly as in [4], is written in the form
/- —j’f(x, W (z, A) dA+§f(x+A, HW (z+ A, —A)dA,. (1.1)

where f(x, t) is the distribution function of the molecules with respect to x (either the
energy or the momentum corresponding to the specified degree of freedom) in the gas, playing

the part of a thermostat with temperature T; the gas-thermostat is of much higher concentra-
tion than that of the molecules; A is the change of x due to collision; W(x, A) is the transition
probability for the molecule from the state (x) to (x + A) in a unit of time. The following
notation is now introduced:

B, =& =5.A“W(x, A)dA, —:‘:————u\:W(x, A) dA; 1.2)
| o, 1) = (g, /@), B, ) = 0¢.9z; (1.3)
(0(.23, A) = fD(JL)W"\.T, A)y (1.4)

where f°(x%) is the equilibrium distribution function corresponding to the temperature T(t+w);
Bp is the transition instant of order n.

It follows from the principle of comprehensive balance that
oz, A) = oz + A, —A), oz, —A4) = oz — A, A). (1.5)
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By using (1.5), Eq. (1.1) can be written as
2 Vo 4,0~ Hlo(, 3dA. (1.6)

From (1.6) and taking into account (1.2)-(1.5) and having expanded <(x + A, t) into‘a

series one finds
H_N1pad® N 1 g g o—”‘lw y__! 7R

at m—n_ n'f 1 (2n) B"f n—1 +ai 2n—1)! B’)_.‘!f p— * (1‘7)
n=1 n=1 ne={ 7 7%

The quantity B, - £° is now expressed in terms of B £°, Having expanded the right-
20—y 2n g

hand sides of (1.5) into a series of the powers of A, appearing in the first argument, one ob-

tains

1 s d*o(z, —A) 1 Qo (z, A)

Ly dols—8 0 RN L s i, ),

= = -8
1 , 1 1 e dele,—A)

o (z, A)——z—-[u)(x, A)—F(')(x:“A)ITTk,:_,iTA —E 1.9}

oz, A)= % [ (x, A) F oz, — )] — % W 7}'_ (— 1)"A" dol “’d;_._..i' 2V (1.10)
h=t
Employing (1.10) together with (1.2) one finds
25— 1 — 7k
Bipuf' = ?A ‘o (x, 8)dN = ~—2~Z ( A_!) 5;?; X
J - }
C e i __ v —1L gk
AT (2,8) a8 = o X e 5 (Ba i) (1.11)
h=1 x

[the result (1.,11) is due to the fact that integration takes place over symmetrical intervals]
Then the lower summation limit increases step by step,
, 1 d o L 1 L d%
Bsy f* = ENrTs (B /) R ‘? (— 1)/ gy k(B-n—x—l-kfo) =

1 4d o 1 h1n d
== (Bnl’) — 5 D=1 lckiﬁ(8211—~1+hfﬁ);

: b ! 1
B‘Zn——lfo = ‘L - (B'ZNfO) - T(Cd: - —‘é— ) & (B"n—JJf )

1 Lo -~
- E[CM—T z](*i) 1af»(B’n—i+kf0)E

1)1‘ t Ck4 (B°71v‘1—hf0)

and the procedure can be continued. In this way one obtains

1 d
BZil—1fO =24 —;_( ’n'f ) o v A S dx de2s 1 (Bm——?s-f ) (1.12)
Azs ——2—(09 s+1,2s ——‘C7s"s)’ (1.13)
where
c —t.c c: — L Cmonans | 1.14
ma = ,n| H 2m,2y = Lam 252 2 \Zin——2k+2)' ’ ( ) )

C
Cor _ “ 1 2%—2,28—2
zmt1,20 = Comit,00—2 — 5 o o —gyT

The coefficients Caopbi 2m and Cppm,.m are related by

Comri,om = Zmn; 1 Com,2m- (1.15)
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Using (1.13)-(1.15) one.obtains from (1.12) that
1 g2s+1
By = W‘ 20 Azs da2 L (BZn+2sf )’ (l .16)
§=

where

1. — 1 oI
Ay=—5 Ay = — g Gl

for C,5,,s one has the recurrence formula (1.14) ., The values of the first coefficients A,g
are given by
A= — AL 4 =12

3 7

1
4, = Azz*z!_, A, =

f’.’.'w

h:l _-

The relation (1.16) enables one to express the transition instant of an odd order in
terms of the instants of higher even orders; in particular, it follows from the latter that
Ban-: and B,y are of the same order of magnitude (excluding singular conditions).

By using (1.16) one can transform Eq. (1.7) into a differential equation of the order
2n which is equivalent to (1.1): .

_ n—1 D 251
O g ety N A ety B (1.17)
e KL e N NETE TR P B '

o
ot =

If all terms with n > 2 are neglected in (1.17), then an equation of the Fokker—Planck type
is obtained. However, to determine the approximation conditions it is more convenient to
start with the equation in its divergence form.

After some transformations which are omitted here (1.17) can be reduced to

2n—1

P 1 0 d‘“ “'\F ) 0‘" E— ar—
—((7}%_ (TV e (272)) 2"] e =¥ z SR lf Az S h—1 (B‘zn.fo); (1.18)
n——’h .
k 1 .
D:l;Zh = = Dn,’Z!;—!—i: -Dnh = (— 1) (—— (—m-—,—
o
. A s k I3
- - m), [T] — is an integral part of —. ‘ (1.19)

By using (1.18) and (1.19) the starting integrodifferential equation (1.1) can be written
in the divergence form

/A TR
<= div j; (1.20)
n—1 ] )
""]=G1+ Z{GHT 2 H11,27’nj; (1"21)
=2 m==1
nn__f)
Gn —Dﬂl fm fr "nfo (1-22)
aQn—m-—i d.’.’.”l— a‘.’.n——-?m—-2lp q2m .
. Hpom= Dy om {ax%—”’"—qi T (Banf®) — ST g (BenfO)], | (1.23)
m—1
1 - . Aam_o _ Y N A2 ;
Dnl = (Zn)! s Dno - — Dnh Dn,.?m = Dn,2m—2 T _(2_1—1-—-_-2_m_~—“ 11 I W y S;O —"‘——"——(2’1 _2:___ 1~)! . (1-24)

It follows from (1.20) and (1.21) that a kinetic equation changes into an equation of
the Fokker—Planck type if in the expression for the divergence flow one term only is retained,
G,. This requires that the condition

621> | 2[00+ 2 Hoon| (1.25)
be satisfied, and it is sufficient that the inequality
16113 |Gyl + | Hal, |Gal + | D Hozm| > (6 ,,+1,2,,,\, "2 (1.26)

be satisfied.
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The relations (1.25) and (1.26) together with (1.22)-(1.24) describe in a general form
the sought approximation conditions. The latter depend on the transition instants as well
as their functional dependence, and also on the type of the deviation of the distribution
function from the equilibrium one.

The expressions are now given for the first three coefficients Dn,,m, m=1, 2, 3, and alsoa
semlempirical formula to estimate the subsequent ones (n > m + 1),

_n—1 ___n—=1Tn@2r—1)
Dy = en)’ Dny = ‘@T)T[”G—*i]’
_n—1 1 (2n — 3)(2n —4)
Dns_'(Zn)! +4! (2n-—3)![ 10 ”1}
et 1N (=it - L
Dn,2m=m, A - m, q=01013, I?’L>4,

the last formula follows from (1.24) if one adopts A,m/Asm~2 = —q = const; in fact, the ratio
q varies very little, for example, from 0.10131 for m = 4 to q = 0,10132 for m = 20.

2. Approximation Conditions and Tramsition Instant Features for Rayleigh Gases

To give an example, the approximation conditions are analyzed of divergence flow by
means of a single term in the case of relaxation of a comparatively "hot" Rayleigh gas, that
is, in the case of a small admixture of heavy particles to the medium light atoms of the
thermostat; mz/m; = A << 1 (m; is the particle mass, my is the atomic mass). It is assumed
that the initial particle distribution with respect to energy is aBoltzmannonew1thtempera-
ture To, where To >> T, i.e.,

2 V=

x
nlfV?.?ZETﬁTT y Ty > T, 2.1)

f(z,0) =

X = myv3/2, v, is particle velocity, nlzzﬁlﬂx,Oﬁhczz{ flz, )dz 1is particle concentration. By
v 0

confining our considerations to the initial essentially nonequilibrium relaxation stage dis-
tribution and by using (2.1)+ for the instants t < Tty one may set

1 (of alnfﬂ ~_ @ . L2
Anp/azt ~ p/(ET)HL. (2.3
By changing in (1.20)-(1.23) to the variable vy = x/kT and by using (2.3) one obtainsI
S—fz —dw](y), (2.4)
_](y 2 G, (y) + n" n,Qm(y)}’ (2.5)
where

G, () = PO, by =250, (2.6)

i3 2n (kT)‘)n J H

_ N grm—t 7 o d 0 )

Haom (y) = Da,2mtb (4) m_i((mnf (v) — (M w10 (w) (2.7)

The approximation conditions (1.25), (1.26) together with (2.6) and (2.7) depend on the
properties Bap of the transition instants (and on the thermostat temperature); in particular,
(1.25) with fo ~ /§é‘y taken into account as well as (2.6) and (2.7) assumes the form

*The initial distribution need not be a Boltzmann one; it is important, however, that the ap~-
vroximation (2.2) be wvalid.

*Since (2.2) and (2.3) are approximations we leave nx terms in the sum with respect to n;
(1.20)-(1.23) is not strongly equivalent to (1.1l) for the problem under consideration because
of lack of symmetry in the integration 11m1ts, the latter can, however, be ignored for x > kT
(x >> 2<A%3),
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N n—1 2m—1 . -
1 B, B N qeites @ (2B Vy 4 (BQnVy ))} 9.8
2 (ILT)2 > né.? {(217.)! kT "/ mz Dn 2m Sfo ( 1) ¢ 2m—1 dy ( (kT)Zn dy (kT)ZTL ; ( * )

(Ci are binomial coefficients); moreover, the first condition (1.26) becomes

1 - —
s+1 d° (2B, V' y d (ByVy
2 (=1 ( g ‘&'&( (T8 )) :

=0

1
4Vy )4

+

2.9

Now the coefficients Bzp, the transition instants for a Rayleigh gas, should be made
more specific. The tramsition instant of the second order (n = 1) has often been calculated
when analyzing the relaxation of a Rayleigh gas, In [4]* this instant was evaluated in the
first approximation in the ratio of the masses of atom and of particle, the computation being
carried out for the general form of the interaction potential and also the coefficients B,
being expressed in terms of quantities well known in the kinetic theory of gases. 1In [5]
in the case of interaction exact values were obtained, according to the law of solid spheres
for the first three transition instants, <A>, <A®>, and <A®>; these instants were evaluated
using the analytic expression obtained in the same paper for the probability W(x, A) which
permits, in principle,-evaluation of instants of higher orderg; however, forn > 1 this would
be too cumbersome.

It suffices for the purpose of this article to limit the computation to the same approxi-
mation as in [4]; this approximation corresponds to the first-order computations in the per-
turbation theory of the interactions for which the atom energy changes resulting from the
collision with a particle can be disregarded. However, it was not specified in [4] what order
of magnitude in A (VA or A) should have the rejected terms.

Below using the kinetic theory [6] the pattern of computing the coefficients Byp is
briefly described without using explicitly W(x, A), and it is shown that the exact evaluation
of B,p should contain terms with X only of integer degree. Therefore, if in the first approxi-
mation in the expression for B,, one takes into account the terms of the lowest degree A v S,
then the neglected terms are proportional to Akts , k> 1. The values are thus obtained of an
in the first approximation. The approach descrlbed here enables one to evaluate the transi-
tion instants with any approximation in )A; such evaluations, however, are outside the scope
of this article,

To evaluate B,, one has to analyze the collision dynamics between a particle and an atom.
The following notation is introduced; vi, p; are the particle velocity and momentum; vz, P2
are the atom velocity and momentum; g = vy - vy3 M = myma/(my + mz) = ma/(1 + A). The energy
change in the particle resulting from a collision is equal to

Ap, = —Ap., Apy is the change of momentum of the i-th particle due to collisionm,
2n
(Ax)‘_‘n — (LY"Z (97’11) an (Ap )lm r (v k) k= %{.1 (2 .10)
1

2m
1) =

It is further assumed that the collision dynamics corresponds to the case of interaction ac-
cording to the law of solid spheres [6]. Then one has Apz = 2Mg cos Vi, V1 = (1/2)(m — x),
where y is the scattering angle for collisions, B

<(AJ;)2”> _ q(Ax)%?dN, (2.11)

where dN is the number of atoms whose velocity lies in the interval v., v2 + dv: scattered
by the particle at an angle X, X + dx in a unit of time,
AN = gfs (v,) dvodo,

- > 2 ry
where do is the scatter section at an angle x, x + dx; f3 = n,(mz/ZWkT)#Ee m2v2/2kT; ng is
the concentration of atoms; for the interaction model under consideration one has

*In fact, in [4] a wider problem was considered, namely, the relaxation of Rayleigh gas with
rotatory degrees of freedom; in the approximation analyzed in [4] the translational and ro-
tational relaxations proceed independently.
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dN = go3s cos ¥, sin , fova sin 8d0dy, dededy,; ‘ (2.12)

in the above y; and € are the orbital and azimuthal angles of the vector k relative to g, and
8 and ¢ are the corresponding angles of the vector v, relative to vi; ¥) varies from O to
7/2; 6 from 0 to m; e and ¢ from — to 2m; 0.2 = (1/2) (01 + 02), o; is the diameter of the
i~-th sphere.

In (2.12) one can change from the integration variable 6 to g:
g2 =i+ vi— 2vv,cos 0, gdg =vyw,sin 6d6,

the integration limits with respect to dg being from v — v, to vz + v, for v, > v; and from
vy — Vz to vz + v; for vy < v,

If one takes into account (2.10) and (2.12) the quantity {(v;k) remains undetermined in
(2.11); by codirecting the z axis with the vector g one obtains

(vik) = v, sin @ sin ¢, cos (¢ — &) + v, cos Py cos a. (2.13)

By using g® = vi + v2 — 2(vi(g + V1)) = vi — vl — 2v,g cos a« one finds

cos q =

1 L0 2 4
g0, (g2+vi— Uz)Ez?vll—, (2.14)
the relation (2.14) expressing (v,k) by means of the variables g, vz, ¥, €, ¢.

Thus, one obtains from (2.11) together with (2.10), (2.12), and (2.13) that

N
5 (o)

E 2 nre (2my)T S 158" ] cos” Fa sin®a —i—i dv,dg,
[r/2] is the integral part of r/2, (2.15)

(3]

r=0 3=

K, =C5.Cs j cos™ #Hhyp, sin®* Ty, cos® (¢ — &) dy,ded.

It follows from the integral in (2.15) that it can be represented in the form (the super-
scripts 7, k, and m being understood formally)

o mzl’g T2ty vy mgug a0y
w4 0 TEWT amt | g 1 { : 5
%kj‘]cgg‘zz ‘2 C]L Lg = Ul 1_1,__ e R vim-f- \ gzﬂdgdv: L — e ToRT 3 (S 351 \ g”dgdv, ,
3 . s/ 4 1%
¢ ! Ty . V2T ! 5} vy — Tz }
which can be reduced to the integrals

oc ]"}T/

g‘e *zhdz and —— e‘zzdz, y= .i7

. l Ty kT

ry Q

which are rationmal functions of Ay, that is, contain only ()\y)k, k > 0. Thus, B, contains
finally terms with Ak, k > 1, only. The expression (2.15) together with (2.10) yields exact
values of B,p.

Let us consider an instant of the zeroth order, —1/7T, which corresponds to the collision '
frequency P;2(v;) of a particle of velocity v: with atoms and equal to [6]

Ty

L~ ongel, (M)“‘"’ e L (2hy - 1) Y e dzl = -4 L 0(Ay)
T 2 § Ty

(1o being the free path of the particle in the gas).

The sought values of Byp can be obtained in the first approximation by setting g = va,
(vik) = v, cos vy in (2.11) together with (2.10) and (2.12) and averaging cos Ty over the
sphere; this results in

B, :%—bz,,yn(kT)z”[l ~ 0z, )], . (2.16)

n! (16A)"

S 2L b =gy

y>»n(n- 1)(2n 4 1) A,
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By using (2.16) the condition (2.8) becomes

Ny n—1 2m—1
h s 95 — 9
Z et bany {1 + (2n)! 2 D, om 2‘ {(— 1)'"'Comy . (2——_11#)”’ (2.17)

where it was assumed that (dsyn+53)/dys = hnsyn+(55)’s; (2.17) is not strictly equivalent to
(2.8) since each n-th term of the series in (2.17) is determined with an accuracy up to AT,
r 2n+ 1. However, this relation shows that if on the right of (2.17) a considerable con-
tribution is given by the terms with n £ nx, then for a strict determination of necessary
conditions for the approximation at the initial stage of the procedure one has to employ

in (2.8) a value of B, evaluated with an accuracy up to the terms AARFTL

5= by >

The evaluation of B,pn in (2.16) enables one to determine sufficient conditions of the
approximation as well as to estimate the order of magnitude of the terms appearing in the
divergence flow.

These sufficient conditions for approximating the divergence flow by a single term [see
(1.26)] correspond now to a requirement that the n-th.term of the series in (2.17), in which
the second term was taken in its modulus, be much bigger than the next (n+ 1l)-th term; the
ter conditions enable one to obtain relations between the possible values of y and A; in par-
ticular, one can obtain from them for the upper bound of the values of y (y >> 1) for n 2 5,
n® < y/X that y << 1/16A follows. If the considerations are limited to the condition (2.9)
only together with (2.16) then one finds that the Fokker—Planck term is much bigger than the
next one for y << 1/A. ,

It also follows from (2.4)-(2.7) together with (2.16) that each subsequent term in the
~ divergence flow relative to the preceding one is of the order of ~A and in the equation of
‘Fokker—Planck type of coefficient B, is, as a rule, sufficient for evaluating with an accuracy
up to A, Bz = (8/370)Ay(kT)?, since the neglected terms in the equation are of the order B, "
A, o> 2.
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